In the present paper, calculations of the stress intensity factor (SIF) in the linear elastic range and the J-integral in the elastoplastic domain of cracked structural components are performed by using the shell-to-solid submodeling technique to improve both the computational efficiency and accuracy. In order to validate the submodeling technique, several numerical examples are analyzed. The influence of the choice of the submodel size on the SIF and the J-integral results is investigated. Detailed finite element (FE) solutions for elastic and fully plastic J-integral values are obtained for an axially cracked thick-walled pipe under internal pressure. These values are then combined, using the General Electric/Electric Power Research Institute (GE/EPRI) method and the reference stress method (RSM), to obtain approximate values of the J-integral at all load levels up to the limit load. The newly developed analytical approximation of the reference pressure for thick-walled pipes with external axial surface cracks is applicable to a wide range of crack dimensions.
Introduction
Assessment of the structural integrity of cracked pressure vessel components fabricated from ductile materials can be performed by using elastoplastic fracture mechanics (EPFM) parameters and the limit load analysis. The most commonly used fracture parameter in EPFM is the J-integral. The calculation of the J-integral and the plastic limit load by using the incremental theory of plasticity requires a high computational effort [1, 2] . The J-integral estimation method based on the reference stress method [3] could reduce this effort since it only requires three basic data to be applied: the linear elastic fracture mechanics (LEFM) parameter (called the stress intensity factor) of the cracked component, the uniaxial true stress-strain curve of the material and the limit load able to produce its plastic collapse [4, 5, 6] .
Due to fabrication defects, or damage in service, cracks exist generally in the areas of geometrical discontinuity of pressure vessel components where the stress concentration occurs. Therefore, cracks can be found near tubular joints, around weld toes. For a cracked tubular joint, the junction curve is a complicated space curve and the 3D meshing is very difficult and is even more demanding when the crack geometry has to be included. In order to calculate SIF one needs to use singular elements along the crack front, which generally leads to a 3D model. The number of elements required for a three dimensional FE model of the whole vessel volume, for example, would be very high, leading to extremely time-consuming solutions; therefore, the methodology would not be appropriate for design purposes. Furthermore, the accuracy of the numerical SIF results depends on the element type, mesh quality, mesh refinement, integration scheme and weld shape modeling. Elements near the crack front often have a high aspect ratio and, occasionally, some elements near the crack front are found to be badly distorted.
This will influence SIF results significantly, and hence, in [7, 8, 9] 
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proposed to model the surface crack and to generate the FE mesh for cracked tubular joints. The tubular joint is divided into different, distinct zones which can greatly simplify the mesh generation process. For each zone, an FE mesh is generated separately and then merged in order to perform an analysis. The mesh quality can be controlled and improved, thus producing accurate and stable numerical results.
The line spring model introduced by Rice and Levy [10] reduces a 3D surface crack problem into a two-dimensional plate or shell theory problem. This approach is computationally inexpensive compared to fully 3D models and, within certain restrictions, provides acceptable accuracy [11, 12] . The main disadvantage of the model is that it does not take into account the curvature of the crack front and is not a good approximation near the ends where the crack intersects the free surface and its depth varies rapidly, due to the three-dimensional nature of the solution in such areas.
Recently, the submodeling technique has often been used in the FE numerical analysis to study in detail an area of interest in a model [13, 14, 15, 16, 17, 18] . Herein, the area of interest is the region of high stress caused by geometric discontinuities. The main idea of the submodeling technique is to perform a global (shell)-local (3D) transition. This approach gives an opportunity to make a local mesh refinement which brings considerable advantages. In the submodeling technique, the results from the global model are interpolated onto the nodes on the appropriate parts of the submodel boundary. A basic condition of the technique is that in the analysis the global model must define the submodel boundary response with sufficient accuracy. That means, when one is defining the submodel boundaries, in that area on the shell global model the displacement results must be accurate to a certain extent. In order to accomplish accuracy in the global model with a relatively coarse shell mesh, the submodel boundary must lie far enough from the intensive stress concentration. As the submodel On the Calculation of Stress Intensity Factors and J-Integrals Using the Submodeling Technique region has a finer mesh, the submodel can provide an accurate, detailed solution.
Besides better accuracy, another advantage is that one can model a real problem more accurately by using a 3D submodel whose boundaries are driven by the shell submodel.
This gain in accuracy is obtained because the 3D submodel can model cracks, welds, fillets, chamfers, etc. Unlike a large number of papers where the submodeling capability is used to obtain linear elastic SIF [13, 14, 15, 16, 17, 18] , a very limited number of studies have been reported in the area dealing with the submodeling techniques in nonlinear EPFM. In that case, the loads are usually chosen so that the plastic zone around the crack tip is sufficiently small [1] .
In the present investigation the submodeling capability is used to obtain a more accurate stress field at the crack tip in the linear elastic and nonlinear elastoplastic fracture mechanics problems. Efficiency and accuracy of the submodeling technique are demonstrated by several numerical examples. Thereby, the following is considered: a membrane with a semi-elliptical crack, a pipe with an external axial crack and a welded vessel-nozzle junction with a semi elliptical crack in the weld toe. The objective of this work is to determine the submodel size where nodal displacements for driven nodes of the submodel will be correctly interpolated from the results of the global model. Additionally, on the basis of detailed FE results obtained from the submodel analysis and using the reference stress approach [3] , new reference pressure and J estimation equations are proposed for thick-walled pipes with external axial surface cracks under internal pressure. All computations have been performed within the FE software ABAQUS/Standard [19] .
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Elastic fracture mechanics analysis using submodeling
Three examples are used to check and verify submodeling in the SIF calculation with the results from the literature. The first example is a membrane with a semi-elliptical crack. In the second, a pipe with an external axial crack is analyzed. Finally, a semielliptical crack is included into the submodel of the vessel-nozzle junction.
A membrane with a semi-elliptical crack
The first geometry to be analyzed is a membrane with a symmetric, centrally located, semi-elliptical crack loaded in Mode I by uniform tension applied to its top and bottom surfaces, as shown in Fig. 1 Fig. 2a . The results from the global analysis are interpolated on the boundary of the submodel with a crack included. The submodel consists of about 990 three-dimensional C3D20R elements (Fig. 2b) . To avoid problems associated with incompressibility, the reduced integration is applied. In order to model strain singularity at the crack tip correctly, collapsed wedge-shaped elements are used. In order to be able to carry out the global analysis without a crack, and drive the cracked submodel with results from the global analysis, the submodel boundaries have to be chosen with good care. The submodel boundaries should be taken as close as in Fig. 1) according to [15] . This example is simple and is used for the verification purpose. The assumption of a typical submodel size 2s is checked by modeling the whole membrane with three dimensional elements and with a crack included (Fig. 3) . Numerical results
show that stress distribution is altered only near the defect and it is enough to choose the submodel boundary such as 2 = 2.5 (2 ) sc  . Compendium of stress intensity factor solutions [20] . According to the quoted reference, SIF is estimated by using the following equation:
On 
A pipe with an external axial surface crack
The next step is to check the submodeling technique when a crack is introduced into a model with a more complex geometry, namely pressurized pipe. The surface-cracked pipe geometry and loading are shown in Fig. 4 . R i and R o are the inner and the outer radius, while t denotes the wall thickness. The external surface crack is assumed to have a semi-elliptical shape described by a length 2c and a maximum depth a. An axial surface-cracked pipe is characterized by three non-dimensional parameters, i.e. R i /t, c/a and a/t. Besides that, solutions for the limit pressure in literature are usually expressed in terms of a non-dimensional parameter ρ associated with the crack length In addition, a full three-dimensional C3D20R solid element mesh is considered for use as a reference solution (Fig. 7) . The full solid element mesh in the crack-tip area is very similar to that used in the submodeling analyses. Moreover, both models have the same general characteristics. A difference exists in the modeling of pressure loading using the shell and continuum elements. The pressure loading is applied to the midsurface of the shell elements in contrast to the solid elements, where the pressure is accurately applied along the inside surface of the pipe. Table 2 . In all analyses, the total length 2L of the pipe is chosen large enough so that the length would have a negligible effect on results (L/c ≥ 10). The material properties chosen are: E = 200 GPa, ν = 0.3, σ y = 250 MPa where E is Young's modulus, ν Poisson's ratio and σ y is the yield stress. The FE SIF solutions will be
properly normalized in such a manner that the above mentioned choices do not affect the present results. The linear-elastic FE computations yield the stress intensity factor K for an external axial surface crack in a pipe under internal pressure, which may be expressed by the following relation [21] :
is a dimensionless function depending on the pipe and crack geometry and φ is the angle on an inscribed circle for locating a point on the crack, as shown in Fig. 4 . PVT -09-1091, Tonković 13 submodeled analysis for the considered pipe geometry and the ratio of 2s/(2c) equal to 2.5 are tabulated in Table 3 . As the SIF values reach the largest values at the deepest crack front location ( = π/2), only the results at that location are given. The variations of the difference in stress intensity factor with the increasing submodel size 2s from 2 to 12 times the size of the crack length 2c in the submodeled analysis are compared to the full solid (3D) element analysis in Fig. 8 . The comparison is expressed as a percent difference that is defined as
. It can be concluded from the results that for the pipe with an inner radius/thickness ratio of 10 a submodel size 2s equal to 2.5 times the size of the crack length 2c is sufficiently large for the linear elastic analysis (Fig. 8a) . However, for very thick pipe with R i /t = 4 the K value is stabilized for the ratio of 2s/(2c) equal to 5 (Fig. 8b) . The error thereby introduced in the SIF value is up to around 1%. Fig. 15) .
The results compare satisfactorily, while only slight differences in less than 6% of the F values are exhibited. These differences could arise from the fact that the solutions obtained by Raju and Newman are given for the model with two diametrically located cracks. Additionally, the differences occur due to the numerical inaccuracy of the results in [21] , as also shown in [5] . 
A welded vessel-nozzle junction with a semi-elliptical crack in weld toe
In the above examples, submodeling has been verified as an efficient, cost-effective approach in the calculation of fracture mechanics parameters in simpler examples; it is justified to use the same procedure for a real welded vessel-nozzle junction. The accurate calculation of stress intensity factors for semi-elliptical weld toe cracks ( Fig.   16 ) is a rather difficult task because the geometry of the joint with crack is extremely complex and, hence, difficult to model.
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PVT -09-1091, Tonković 20 In general, a major problem in using solid elements lies in generating an adequate mesh for accurate solutions (for example to create a good 3D, hexahedral mesh). This problem is partially solved when the global-local approach is used because just part of interest is modeled as a solid. Usually, the geometry of this relatively small submodel (with respect to the whole global model) can be divided into considerably simpler cells which can be meshed easily. A similar approach is used in [7, 8, 9] , as described in the introduction section of the paper, where the joint is divided into zones, meshed zone by zone, and afterwards merged together for analysis.
The computational model of the considered junction is shown in Fig. 16 . Weld joints are marked with numerals from 1 to 3. In the present analysis only weld 1 is taken into consideration. The semi-elliptical surface crack is introduced into the model near the weld toe of the vessel-nozzle junction, where a high stress concentration exists. In [20] , this type of crack which is located on the outer surface is labeled as type D. In order to have accurate results from the global (shell) model, the optimal submodel size for the vessel-nozzle junction (Fig. 17c) is selected on the basis of the error analysis on the extracted submodel displacement boundary conditions. In Fig. 18 variations of the difference in radial displacements distribution of mid surface along a longitudinal and circumferential cross-section of the pressure vessel obtained from the shell model are presented and compared to the full 3D solid FEA. Thereby, the crack and the weld are not taken into account in the shell model ( Fig. 17a and b) . On the other hand, the 3D model mesh models the crack and the ring of welded material accurately to include the welded joint (Fig. 17d) . The comparison is expressed as a percent difference from [20] . Using API code [20] , K I can be calculated by means of the following equation:
where h(x, a) is the weight function, and σ(x) is the stress normal to the crack plane but when the junction is in uncracked state. Coordinate x is the through-thickness distance measured from the outer surface of the vessel. A comparison between numerical results The results are in good agreement, so it is obvious that the submodeling technique is an efficient technique, especially for complicated geometries like in this case. 
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Elastoplastic fracture mechanics analysis using submodeling
In the previous section, the SIF calculation is performed by using the FE submodeling technique. In this section, the intention is to verify the submodeling technique in the elastoplastic J ep -integral evaluation for a pipe with an external axial surface crack considered in the section 2.2.
J estimation by the GE/EPRI method
In the structural integrity assessment procedures the values of the elastoplastic J epintegral are obtained by using the deformation theory of plasticity, where the stressstrain response in the FE analyses is described by the well-known Ramberg-Osgood model in the following form:
In Eq. 
where 
In Eq. (8), p L is the plastic limit pressure that produces the plastic collapse of the surface cracked pipe for a rigid-plastic, non-hardening material with the yield stress y  [22, 23] . The empirical expression for the estimation of the plastic limit pressure for the considered pipe and crack geometry in terms of the non-dimensional crack configuration parameters a/t and ρ was proposed by the authors [23, 24] . The basic equations are compiled in Table 5 . In the previously mentioned references, extensive
FEAs have been performed to validate the results of the plastic limit pressure by comparing the computed values with the existing solutions [2, 25, 26] . As shown, the analytical approximation of the plastic limit pressure for thick-walled pipes is applicable to a wide range of crack dimensions. Table 5 Basic equations for the estimation of the plastic limit pressure [23] Plastic limit pressure: Figure 19 shows the relative error that is defined as plastic zone size is less than about 10% of the crack length, small-scale yielding conditions exist around the crack tip. In that case, the far-field elastic region is not affected by the plastic zone. In our case, this will be true for the relatively small pressures that cause the sufficiently small plastic zones. As may be observed from Fig.   19 , with a further pressure increase, larger plastic strains occur on the model and a submodel size 2s equal to 2.5 times the size of the crack length 2c is not sufficiently large for analysis. For the load levels of up to 180% of limit load, the J value is stabilized for the ratio of 2s/(2c) equal to 4. It is valid only for the pipe with i / 10 Rt  (Fig. 19a) . However, for very thick pipe with R i /t = 4 there is no significant stabilization of the J value (Fig. 19a) . Since the differences in results are generally lower for submodel size of s/c = 4 then for other submodels, the submodel size of s/c = 4 can be taken as relevant for submodeled elastoplastic analysis of cracked pipes. For this reason, submodeled analyses for calculation of the J-integral are performed by using the submodel size-to-crack length ratio of 4.
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From Fig. 19 it can also be concluded that the difference between the results obtained by submodeled and full solid element analysis becomes larger with increasing pressure. Thus, for the larger submodels the maximum differences in results are 1.3%
for pipe with R i /t = 10 and 4% for R i /t = 4. These differences are connected with the modeling of the spread of the plastic zone through the thickness of the pipe and different finite element formulations of shell and solid elements applied to perform submodeled and full solid element analysis. In the present example, the global model for the submodeling analysis is meshed with S8R thick shell elements ( Fig. 5a ) with five integration points through the thickness. On the contrary, the full solid element analysis is performed by using a single C3D20R element with reduced integration (2x2x2) through the thickness (Fig. 7) further away from the crack. 
It is to be noted that the value of h 1 depends on the load magnitude, as shown in Fig. 20 .
Since the power-law part of Eq. (5) describing the material behavior during the loading process is dominant at sufficiently large loads, the values of h 1 (a/t, c) at high loads should be taken from appropriate diagrams [5] . The values of h 1 (a/t, c) obtained from the submodel analysis for the considered pipe geometry and ratio of 2s/(2c) equal to 4 at the deepest crack front location ( /2   ) are presented in Table 6 . Thus, according to the GE/EPRI method, the J ep -integral can be estimated by using Eqs (5) to (13) and the data given in Tables 3 and 6 . A summary of the typical computational requirements for the full 3D solid and submodeled elastoplastic FE analysis of the pipe with an external axial surface crack is given in Table 7 . The results given in this table refer 
J estimation by the reference stress method
As presented, the J estimation based on GE/EPRI method requires the Ramberg-Osgood coefficient and strain hardening index as basic input to represent material tensile data.
The disadvantage here is that Ramberg-Osgood fitting of the stress-strain curve can be seriously inaccurate, leading to inaccuracy in the estimated J [5, 28] . The limitation of this method is that plastic influence functions should be found, which requires detailed 3D elastoplastic FE analyses [5, 27, 28, 30] . Thereby, the solutions for plastic influence functions, available in fracture mechanics handbooks, are limited to a relatively simple geometrical configuration and dimensions of both the crack and the structural element under simple loading conditions. For more realistic and complex crack geometries and loading conditions, the GE/EPRI J estimation method is impractical for engineering application. Additionally, Kim et al. [5] and Chattopadhyay et al. [28] showed that GE/EPRI method over-estimates the plastic J with respect to the incremental plasticity FE solutions. For application to general stress-strain laws, the J ep estimation equation is now re-formulated by using the reference stress method in the form [3, 4, 29] 
On [3, 4] where the reference stress is defined by using the plastic limit load, the enhanced reference stress method (ERSM), proposed in [5] , defines the reference stress with the optimized reference load. The optimized reference load is found to give the best estimates of J.
Detailed information on the proposed method can be found in Ref. [5, 30] . Based on the FE results from the submodeled analyses and the mentioned enhanced reference stress concept, the empirical expression for the estimation of the optimized reference pressure p ref for pipes with external axial semi-elliptical surface cracks is derived as follows:
where p L and p 0 are defined by Eqs (9) and (10) . S is the dimensionless factor which is a function of non-dimensional crack configuration parameters a/t and ρ given by: 
S S
The reference stress-based J ep estimation (Eq. 14) is compared with the GE/EPRI (equivalent to AISI 321), used in the analysis and determined experimentally in a standard tensile test, are taken from [31] . The basic material parameters are summarized in Table 8 for 300 C. Figure 21 displays the engineering stress-strain curve (σ e , ε e ). The true stress and strain values (σ t , ε t ) used in the incremental plasticity analysis are determined by the following relationships:
  e t 1 ln
The values of both the engineering terms and true terms are shown in Table 9 . The data is given up to the ultimate tensile stress level (25% of strain). After this specified point, the response is assumed to be perfectly plastic.
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Conclusions
In the present investigation the shell-to-solid submodeling capability is used to obtain a more accurate crack tip stress field in the linear elastic and nonlinear elastoplastic fracture mechanics problems. The influence of the choice of the submodel size on the SIF results is investigated.
Together with the submodel size study, the effect of the error caused by the same pressure defined on the inner radius of the 3D solid FE model as on the mean radius of the shell model is analyzed. It is concluded that the choice of the submodel can compensate for pressure definition error and that there is no need for pressure correction. In accordance with literature results [15] , the study also concluded that a submodel size equal to 2.5 times the size of the crack length is sufficiently large for the linear elastic analysis. Finally, the semi-elliptical surface crack is introduced into the real model near the weld toe of the vessel-nozzle junction, where a high stress concentration exists. The submodeling technique, based on the transition from the global shell model to the three-dimensional submodel discretized with a finer mesh of elements, is proven to be very efficient for this purpose.
As the last example, in order to verify the submodeling technique in the elastoplastic J-integral evaluation, a thick-walled pipe with an external axial surface crack under internal pressure is considered. The dependence of the J-integral results on the submodel size is investigated for the load levels up to the limit load. In addition, the submodel mesh convergence is analyzed to describe the fully plastic flow field accurately. It is shown that, unlike the LEFM problems, the submodel size must be minimum 4 times the size of the crack length. Based on the FE results from the submodel analyses and by using the enhanced reference stress concept, an empirical expression for the estimation of the optimized reference pressure for cracked pipes is Table 5 Basic equations for the estimation of the plastic limit pressure [23] Table 6 Values of the plastic influence h 1 -functions Table 7 Summary of computational requirements for the elastoplastic analysis of the pipe with an external axial surface crack Table 8 Mechanical properties of the austenitic steel 08X18H10T at 300°C [31] Table 9 Material data of the austenitic steel 08X18H10T at 300 C [31] 
